
Di�erential Geometry 1 (M13)
Exercise Sheet 11

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2021-02-10.

Problem 1. Using Cartan’s magic formula compute LEU for the following E and U :

1. E = GmG + ~m~ and U = GdG + ~d~;

2. E = ~mG − Gm~ and U = G2dG ;

3. E = mG and U = Gd~;

4. E = mG and U = ~dG . �

Problem 2. Let - be a smooth manifold. Prove that for U ∈ Ω: (- ) and E1, . . . , E:+1 ∈
Vect(- )

(dU) (E1, . . . , E:+1) =
:+1∑
8=1
(−1)8+1LE8 [U (E1, . . . , Ê8, . . . , E:+1)]

+
:+1∑
8< 9=1
(−1)8+ 9U ( [E8, E 9 ], E1, . . . , Ê8, . . . , Ê 9 , . . . , E:+1). �

Problem 3. 1. Let (-,6) be a oriented Riemannian manifold with boundary. For
ℎ, : ∈ �∞2 (- ) and E ∈ Vect(- ) prove the integration by parts formula

ˆ
"

(
(LE:) · ℎ + : · (LEℎ) + : · ℎ · div(E)

)
vol6 =

ˆ
m"

: · ℎ 8 (E)vol6 .

Consider R< with a Riemannian metric 6.

2. De�ne the functions 68 9 by 68 9 ≔ 6(mG8 , mG 9 ). Show that the volume form is given
by

vol6 ≔
√
det(68 9 ) · dG1 ∧ . . . ∧ dG=

1



3. Show that if

E =

<∑
8=1

E8mG8 ,

then

div(E) = 1√
det(68 9 )

<∑
:=1

mG:

(√
det(68 9 ) · E:

)
. �

Problem 4. Let (-,6) be an compact, connected, oriented Riemannian manifold with
boundary. Given 5 ∈ �∞(- ), the gradient of 5 is the vector �eld ∇5 = ∇6 5 ∈ Vect(- )
de�ned by

d5 (E) = 6(∇5 , E)
and the Laplacian of 5 is the function Δ5 ∈ �∞(- ) de�ned by

Δ5 ≔ − div(∇5 ).

The outward pointing unit normal is the vector �eld = ∈ Γ()- |m- ) characterised by
the following conditions: (a) |= |6 = 1, (b) =(G) ⊥ )G m- , (c) if (42, . . . , 4<) is a positive
basis of )G m- , then (−=, 42, . . . , 4<) is a positive basis of )G- .

1. Prove Green’s identitiesˆ
-

ℎΔ: vol-,6 =
ˆ
-

〈∇ℎ,∇:〉 vol-,6 −
ˆ
m-

ℎL=: volm-,6

and ˆ
-

(ℎΔ: − :Δℎ) vol-,6 =
ˆ
m-

(:L=ℎ − ℎL=:) volm-,6

with = denoting the outward-pointing unit normal.

2. Show that if m- = ∅, then Δℎ = 0 implies that ℎ is constant.

3. Show that if m- ≠ ∅, then Δℎ = Δ: = 0 and ℎ |m- = : |m- implies that ℎ = : . �
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