
Di�erential Geometry 1 (M13)
Exercise Sheet 8

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2021-01-13.

De�nition. Let 𝑛 ∈ N and 𝑘 ∈ Z.

1. De�ne the equivalence relation ∼ on
(
C𝑛+1\{0}

)
× C by

(𝑥, 𝑧) ∼ (𝑦,𝑤) if and only if 𝑥 = 𝜆𝑦 and 𝑧 = 𝜆𝑘𝑤 for some 𝜆 ∈ C×.

Set
OC𝑃𝑛 (𝑘) ≔ ((C𝑛+1\{0}) × C)/∼ .

2. Denote by
𝜋 : OC𝑃𝑛 (𝑘) → C𝑃𝑛

the map induced by pr1 : (C𝑛+1\{0}) × C → C𝑛+1\{0}.

3. For every 𝑥 ∈ C𝑛+1\{0} the map 𝜙𝑥 : C → 𝜋−1 [𝑥] de�ned

𝜙𝑥 (𝑧) ≔ [𝑥 ; 𝑧]

is bijective. Since 𝜙−1
𝜆𝑥

◦ 𝜙𝑥 (𝑧) = 𝜆𝑘𝑧, there is a unique structure of a C–vector
space on 𝜋−1 [𝑥] such that the maps 𝜙𝑥 are isomorphisms. •

Problem 1. Prove that OC𝑃𝑛 (𝑘)
𝜋−→ C𝑃𝑛 is a vector bundle (that is: construct local

trivializations). �

Problem 2. Let 𝑝 ∈ C[𝑧0, . . . , 𝑧𝑛] be a homogeneous polynomial of degree 𝑘 . Prove that
there is a smooth map p : C𝑃𝑛 → OC𝑃𝑛 (𝑘) satisfying

(1.1) p( [𝑧0 : · · · : 𝑧𝑛]) = [𝑧0 : · · · : 𝑧𝑛;𝑝 (𝑧0 : · · · : 𝑧𝑛)]

and 𝜋 ◦ p = idC𝑃𝑛 . �
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Problem 3. Prove that the Möbius bundle

𝑀 ≔
{
( [𝜃 ], 𝑧) ∈ 𝑆1 × C : Im(𝑒𝑖𝜃/2𝑧) = 0

} pr1−−→ 𝑆1

is not trivial; that is: it is not isomorphic to the trivial bundle 𝑆1 × R. (Hint: Prove that if 𝑀 were

isomorphiC to 𝑆1 × R, then it would have a section 𝑠 ∈ Γ (𝑀) with 𝑠 (𝑥) ≠ 0 for every 𝑥 ∈ 𝑆1 . Prove that the latter is impossible.) �

Problem 4. Let 𝑋 be a compact smooth manifold. Let 𝐸
𝜋−→ 𝑋 be a vector bundle of

rank 𝑘 .

1. Prove that there are 𝑁 ∈ N0, and an morphism of vector bundles

Λ : 𝐸 → 𝑋 × R𝑁

over 𝑋 such that for every 𝑥 ∈ 𝑋 the map Λ𝑥 : 𝐸𝑥 → R𝑁 is injective. (Hint: contemplate the

proof of Whitney’s embedding theorem.)

2. Construct a map 𝑓 : 𝑋 → Gr𝑘 (R𝑁 ) and an isomorphism of vector bundles

𝐸 � 𝑓 ∗𝛾𝑘 (R𝑁 ). �
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