Differential Geometry 1 (M13)
Exercise Sheet 8

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2021-01-13.

Definition. Letn € Nand k € Z.

1. Define the equivalence relation ~ on (C"*'\{0}) X C by
(x,z) ~(y,w) ifandonlyif x=Ayandz= A*w for some A € C*.

Set
Ocpr (k) = ((C™'\{0}) X C)/~ .

2. Denote by
7: Ocpn(k) — CP"

the map induced by pr,: (C"!\{0}) x C — C"*!\{0}.

3. For every x € C"*1\{0} the map ¢,: C — 7~ ![x] defined

$x(2) = [x;2]
is bijective. Since ng/{; o ¢(2z) = A¥z, there is a unique structure of a C-vector
space on 7~ ![x] such that the maps ¢, are isomorphisms. o

Problem 1. Prove that Ocpn (k) Z, CP" is a vector bundle (that is: construct local
trivializations). o

Problem 2. Let p € C|zy, ..., z,] be a homogeneous polynomial of degree k. Prove that
there is a smooth map p: CP" — Ocpn (k) satisfying

(11) P(lzo:--:zn]) =[z0: - zmp(zo: -2 zn)]

and 7 o p = idcpn. o



Problem 3. Prove that the Mobius bundle

M= {([9],2) eS'xC: Im(eie/‘zz) = 0} &, st

is not trivial; that is: it is not isomorphic to the trivial bundle S LS R, (stint: Prove that if M were

isomorphiC to S' X R, then it would have a section s € I'(M) with s(x) # 0 for every x € S. Prove that the latter is impossible.) <

Problem 4. Let X be a compact smooth manifold. Let E %> X be a vector bundle of

rank k.
1. Prove that there are N € Ny, and an morphism of vector bundles
A: E— X xRN

over X such that for every x € X the map A,: Ex — RY is injective. tint: contemplate the

proof of Whitney’s embedding theorem.)

2. Construct a map f: X — Gri(RY) and an isomorphism of vector bundles

E = fy(RY). o



