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(1) Prove that the Hopf bundle 𝑝 : 𝑆2𝑛+1 → C𝑃𝑛 does not admit a at Ehresmann connection.

(2) The following is from [MS74, Appendix C].

(a) Denote by SL2(R) the 2 × 2 real matrices 𝐴 with det𝐴 = 1. Denote by PSL2(R)
the equivalence classes of the involution 𝐴 ↦→ −𝐴 on SL2(R). PSL2(R) acts on
𝐻 ≔ {𝑧 ∈ C : Im 𝑧 > 0} by Möbius transformations.

𝜆𝑔 (𝑧) ≔
𝑎𝑧 + 𝑏
𝑐𝑧 + 𝑑 for 𝑔 =

[
𝑎 𝑏

𝑐 𝑑

]
.

Dene 𝑃 : 𝑆𝑇𝐻 → 𝐻 × (R ∪ {∞}) by
𝑃 (𝑧, 𝑣) ≔ lim

𝑡→∞
exp𝑥 (𝑡𝑣) .

Here exp𝑥 is computed with respect to the hyperbolic metric 𝑔−1 on 𝐻 . (This is the
projection to “the sphere at innity”.) PSL2(R) acts on 𝑆𝐻 by

Λ𝑔 (𝑧, 𝑣) ≔ (𝜆𝑔 (𝑧),𝑇𝑧𝜆𝑔 (𝑣))
and on R ∪ {∞} by Möbius transformations:

𝜆∞𝑔 (𝑥) ≔ 𝑎𝑥 + 𝑏
𝑐𝑥 + 𝑑 for 𝑔 =

[
𝑎 𝑏

𝑐 𝑑

]
.

Prove that 𝑃 is PSL2(R)–equivariant; that is:
𝑃 ◦ Λ𝑔 = (𝜆𝑔 × 𝜆∞𝑔 ) ◦ 𝑃 .

(b) Let Σ be a Riemann surface of genus 𝑔 > 2. By the uniformization theorem there
is a Γ < PSL(2,R) such that Σ = Γ\𝐻 . Set 𝑆𝑇Σ ≔ {(𝑧, 𝑣) ∈ 𝑇Σ : |𝑣 | = 1}. Denote
by 𝑝 : 𝑆𝑇Σ → Σ the canonical projection. Denote by 𝑞 : Γ\𝑆𝑇𝐻 → Γ\𝐻 = Σ the
canonical projection. Prove that 𝑝 and 𝑞 are isomorphic.

(c) Prove that 𝑞 admits a at Ehresmann connection.
(d) Prove that the vector bundle 𝑇Σ does not admit a at covariant derivative. (Hint:

Chern–Gauß–Bonnet.)
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