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The purpose of this exercise sheet is to understand bre integration and the Haar volume
form.

(1) Let 𝑝 : 𝑋 → 𝐵 be a bre bundle with 𝜕𝐵 = ∅. Suppose that the bres of 𝑝 compact
(but possibly with boundary) and of dimension 𝑑 . Suppose the vector bundle 𝑉𝑝 : 𝑋 is
oriented; hence, the bres of are oriented.

(a) Prove that there is a unique linear map 𝑝∗ : Ω•(𝑋 ) → Ω•−𝑑 (𝐵) such that for every
𝛼 ∈ Ω𝑑+𝑘 (𝑋 ), 𝑏 ∈ 𝐵, and 𝑣1, . . . , 𝑣𝑘 ∈ Γ(𝑇𝑋 |𝑝−1 (𝑏) ) lifts of 𝑣1, . . . , 𝑣𝑘 ∈ 𝑇𝑏𝐵

(𝑝∗𝛼) (𝑣1, . . . , 𝑣𝑘 ) =
ˆ
𝑝−1 (𝑏)

𝑖 �̃�𝑘 · · · 𝑖 �̃�1𝛼 |𝑝−1 (𝑏) .

This map is the bre integration map. Another intuitive notation for 𝑝∗ is
´
𝑋/𝐵 .

(b) Prove that for every 𝛼 ∈ Ω•(𝑋 ) and 𝛽 ∈ Ω•(𝐵)

𝑝∗(𝛼 ∧ 𝑝∗𝛽) = 𝑝∗𝛼 ∧ 𝛽.

(c) Suppose that 𝐵 is oriented. Prove that for every 𝛼 ∈ Ω•(𝑋 )
ˆ
𝑋

𝛼 =

ˆ
𝐵

𝑝∗𝛼

(d) Set 𝜕𝑝 ≔ 𝑝 |𝜕𝑋 : 𝜕𝑋 → 𝐵. Convince yourself that 𝜕𝑝 is a bre bundle.
(e) Prove that for every 𝛼 ∈ Ω•(𝑋 )

𝑝∗d𝛼 − (−1)𝑑d𝑝∗𝛼 = 𝜕𝑝∗𝛼.

Remark. If 𝜕𝑋 = ∅, then 𝑝∗ descends to de Rham cohomology 𝑝∗ : H•
dR(𝑋 ) → H•−𝑑

dR (𝐵).
Set 𝐾• ≔ ker𝑝∗ : Ω•(𝑋 ) → Ω•−𝑑 (𝐵). The short exact sequence

0 → 𝐾• → Ω•(𝑋 ) → Ω•−𝑑 (𝐵) → 0
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induces a long exact sequence

· · · → H𝑘 (𝐾•) → H𝑘
dR(𝑋 ) → H𝑘−𝑑

dR (𝐵) 𝛿−→ H𝑘+1(𝐾•) · · · .

If 𝑝 is an oriented sphere bundle, then the map 𝑝∗ : H𝑘 (𝐵) → H𝑘 (𝐾•) is an isomorphism.
The Bockstein homomorphism 𝛿 arises from taking the wedge product with the Euler
class of 𝑝 (more about that later in this course). This instance of the above elong exact
sequence is the Gysin sequence. ♣

(2) Let 𝐺 be a Lie group. Set 𝑑 ≔ dim𝐺 .

(a) Prove that is a unique left-invariant volume form up to multiplication by a non-zero
constant:

dimΩ𝑑 (𝐺)𝐿 ≔ {𝜈 ∈ Ω𝑑 (𝐺) : 𝐿∗𝑔𝜈 = 𝜈} = 1.

A Haar volume form on 𝐺 is a left-invariant volume form 𝜈 on 𝐺 . 𝜈 is normalised
if
´
𝐺
𝜈 = 1.

(b) Let 𝜈 be a Haar volume form on𝐺 . Prove that for every 𝑔 ∈ 𝐺 , 𝑅∗𝑔𝜈 is a Haar volume
form.

(c) The modular function of 𝐺 is the function Δ ∈ 𝐶∞(𝐺,R×) dened by

Δ(𝑔) ≔
𝑅∗𝑔𝜈

𝜈
.

Prove that Δ = 1 if and only if 𝐺 admits a right-invariant Haar measure. These
groups are unimodular.

(d) Prove that Δ : 𝐺 → R× is a Lie group homomorphism.
(e) Prove that Δ = 1 if 𝐺 is compact.
(f) Dene 𝑖 : 𝐺 → 𝐺 by 𝑖 (𝑔) ≔ 𝑔−1. Prove that 𝑖∗𝜈 = Δ𝜈 .
(g) Consider the Lie group

𝐺 ≔

{(
𝑥 𝑦

0 1

)
: 𝑥 > 0, 𝑦 ∈ R

}
.

Compute the modular function of 𝐺 .
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